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Abstract 
There have been significant developments in constraint effects on fracture but clear advice for treating multiaxial effects on 
fracture is still required in fitness-for-service codes. This paper provides a systematic examination of the effects of biaxial 
loading on the crack driving force for centre-cracked plates. Results are presented for the J integral from finite element analyses 
under a wide range of biaxial loading conditions and these are related to estimates of the limit load from analytical and finite 
element analysis. 
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1. Introduction 
There have been a number of numerical and experimental investigations of biaxial fracture.  For 
example, Østby and Hellesvik (2008) demonstrated the increased crack driving force that occurs 
in cracked pipes when pressure is superimposed on bending.  O’Dowd et al (1999) produced 
finite element results for J and Q for centre-cracked panels and normalised the results in terms of 
an approximate limit load.  Wang (2006) and Miura and Takahashi (2010)  developed J solutions 
for surface cracked plates, the latter authors also demonstrating the value of normalisation by the 
limit load.  More recently, Ding and Wang (2013) have evaluated J and Q for biaxially loaded 
plates and have shown how constraint can be estimated using suitable normalisation schemes. 
This paper presents a systematic study of the effects of biaxial loading on crack driving force 
for centre-cracked plates.  This covers a wider range of biaxiality than previous studies, 
including negative stress ratios. Section 2 presents the geometry, loading and some elementary 
solutions.  Then Section 3 uses upper and lower bound limit load analyses and finite element 
analyses to provide comprehensive limit load solutions.  Section 4 presents J-integral solutions.   
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Nomenclature 
a crack semi-length  
B  biaxial stress ratio 
H plate semi-height 
J elastic-plastic crack tip characterising parameter 
K1 mode 1 elastic stress intensity factor 
Q constraint parameter 
T elastic T-stress 
W plate semi-width E angle of slip-line to horizontal 
V1 remote stress parallel to the crack 
V2 remote stress normal to the crack Vy  yield stress 
2. Background 
The geometry and loading are shown in Fig. 1(a).  The stress biaxiality is expressed in terms 
of the ratio B defined by 
 
B   V1 /V2     (1) 
 
B = 0 corresponds to uniaxial tension and B = 1 corresponds to equibiaxial loading, for example. 
Finite element analyses were performed using Abaqus (2012) including initial elastic analyses 
to ensure adequate mesh refinement.  These analyses reproduced the handbook stress intensity 
factor, K1, solution in R6 (2013) for plate lengths a factor of 2 greater than the plate width, i.e. 
for H/W > 2.  For shorter plates, a weak dependence of K1 on H/W was found, independently of 
B, as illustrated in Fig. 1(b).  Finite element results reported in subsequent sections of this paper 
are for long plates, H/W = 2, so that the effect of H/W is not important although the analytical 
solutions for limit load in Section 3 are applicable to a wider range of H/W. 
Elastic analyses under biaxial loading in plane strain were also performed and the T-stress was 
evaluated.  The handbook solution in R6 for H/W = 1 was reproduced for uniaxial loading and 
the finite element solutions for biaxial loading differed from the uniaxial solutions by the applied 
stress parallel to the crack, as required.  R6 (2013) also contains a solution for T for equibiaxial 
loading, normalised by a reference stress based on a biaxial limit load for B = 1.  The uniaxial T-
stress with the limit load solutions in Section 3 below can be used to generate normalised T-
stress solutions for a wide range of biaxial stress ratios, but details are omitted here.   
 
 
 
 
 
 
 
 
(a) 
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Fig. 1. Centre-cracked plate: (a) geometry and biaxial loading; (b) stress intensity factor solution for short plates. 
3. Limit Load Solutions 
A lower bound plane strain von Mises limit load for the cracked plate of Fig. 1(a) is obtained 
by assuming: the horizontal stress in the plate is equal to V1  BV2 everywhere; the vertical stress 
is zero above the crack and equal to V2 /(1a/W) above the ligament ahead of the crack.  These 
stresses clearly balance the applied forces.  It is assumed that the stress normal to the crack is 
tensile (V2 ! 0)whereas the stress parallel to the crack can be tensile (B > 0) or compressive (B < 
0).  Then, omitting algebraic details, applying the von Mises yield criterion in plane strain leads 
to the lower bound limit load 
(V2)Llb    
2Vy
3
Min
1
B
,
(1 a /W)
1B(1 a /W)
ª
¬«
º
¼» (2) 
where the subscript L denotes the limit load value and the superscript lb denotes a lower bound 
solution.   
To generate an upper bound solution, a deformation pattern must be assumed. Finite element 
elastic-perfectly plastic analyses showed two distinct deformation patterns as illustrated in Fig. 2.  
The first is a classical straight slip line, running through the ligament ahead of the crack tip, Fig. 
2(a).  The second is again straight but corresponds to slip lines running behind the crack, Fig 
2(b).   Similar patterns have been obtained by O’Dowd et al (1999).  
If the slip-line in Fig. 2(a) is assumed to be at an angle E to the horizontal, then provided the 
slip-line intersects the vertical surface ahead of the crack and not the top/bottom surface of the 
plate (i.e. provided (W a)tanEdH), the least upper bound solution corresponds to   E  S / 4 
and, omitting algebraic details, is  
 
 
 (a)  (b)  
 
 
 
 
 
 
 
Fig. 2. Deformation patterns at the limit load for H/W = 2 and a/W = 0.6: (a) ahead of the crack; (b) behind the crack. 
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(V2)Lub    
2Vy
3
(1 a /W)
1B(1 a /W)
ª
¬«
º
¼»,           H t (W  a)     (3)  
  
where the superscript ub denotes an upper bound solution.   
If the slip-line in Fig. 2(b) is also assumed to be at an angle E to the horizontal, then provided 
the slip-line intersects the vertical surface behind the crack and not the top/bottom surface of the 
plate (i.e. provided (Wa)tanEdH ), the least upper bound solution again corresponds to 
  E  S / 4 and is 
 
(V2)Lub    
2Vy
3
(1 a /W)
B(1 a /W) 1
ª
¬«
º
¼»,          H t (W  a)     (4) 
 
The lower of Eqs. (3, 4) is the applicable upper bound solution for H ≥ W +a. The overall 
combination of Eqs. (2-4) is shown in Fig. 3 for a/W = 0.2.  For Bd1/[2(1a/W)] , i.e. 
including all negative biaxiality, the lower bound of Eq. (2) is governed by the second term, 
which is identical to the upper bound of Eq. (3) and therefore this is the exact limit load.  This 
solution is the same as that used by O’Dowd et al (1999), based on an approximate stress field 
rather than the upper and lower bound approach taken here, and found by those authors to be 
accurate for most of the cases they considered, which were in the range 0dBd1.  For Bt1/[2(1a/W)] , the lower bound of Eq. (2) is governed by the first term (1/B) and the 
complete lower bound of Eq. (2) is the solution quoted in R6 (2013) for B = 1.   
 
 
 
 
 
 
 
 
 
 
 
Fig. 3. Analytical limit load solution for a/W = 0.2 for H/W > 1.2. 
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It can be seen that the least upper bound changes from Eq. (3) to Eq. (4) at higher B and that 
Eq. (4) approaches the lower bound of (1/B) for large B.  In the intermediate range of biaxiality 
(B|1), there is some difference between the upper and lower bound solutions but the limit load 
is high in this region and indeed approaches infinity for B = 1 in the uncracked case, as this 
loading is pure hydrostatic in plane strain. 
The solutions above are for long plates for which the more severe restriction is that of Eq. (4) 
defined by H/W > (1+a/W).  Thus, for example, the solutions are valid for H/W > 2 for all a/W.  
For short plates, the slip lines may intersect the top and bottom surfaces of the plates and Eqs. (3, 
4) are modified and become functions of both a/W and H/W.  Details are omitted here for 
brevity. 
To assess the accuracy of the lower and upper bound solutions in the region B|1, plane strain 
finite element limit load analyses have been performed using an elastic-perfectly plastic material 
model.  Some typical results are shown in Fig. 4.  The results lie between the bounding solutions, 
depicted in Fig. 3 for a/W = 0.2, with the results often close to the upper bound solution.  
However, for practical purposes, it would not be unduly conservative to use the lower bound of 
Eq. (2) as this is exact for a wide range of B, accurate for large B, and at intermediate B accounts 
for some elevation of the limit load due to biaxiality. 
 
 
 
 
 
 
 
 
 
 
Fig. 4. Finite element limit load solutions for a range of a/W and B, and for H/W = 2. 
4. J solutions 
Finite element plane strain analyses have also been performed to determine J as a function of 
load level, biaxiality and crack size.  Some results are presented in Fig. 5, where J has been 
normalised by its elastic value for the same load and stress has been normalised by the limit 
stress determined from the finite element analyses described above.  It can be seen that this 
normalisation, which is essentially that used within the Failure Assessment Diagram in R6 
(2013) and other fitness-for-service codes, brings together the solutions for a wide range of 
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biaxiality.  This demonstrates that an accurate estimate of limit load is sufficient to enable 
accurate estimates of crack driving force under biaxial loading for this geometry.  However, 
there is a weak dependence on B as shown by the amplified results for larger B in Fig. 5(b) and 
allowance for this would improve the accuracy of fitness-for-service assessments.  This is the 
subject of ongoing work. 
  
(a)  Bd1.5                                                                      (b) Bt1 
 
 
 
 
 
 
Fig. 5. Finite element J solutions for a range of B, a/W = 0.6 and H/W = 2. 
5. Closing remarks 
Upper and lower bound limit analyses have been performed for a centre-cracked plate under 
biaxial loading in plane strain.  The bounds have been shown to be equal, and therefore provide 
the exact limit load, for a range of biaxial stress ratios including all negative biaxiality.  At high 
positive biaxiality, the upper and lower bounds also converge allowing an accurate determination 
of limit load.  For loadings close to equal biaxiality, the limit load is significantly elevated by the 
biaxiality and the lower bound limit load is probably sufficiently accurate for practical 
applications.  Finite element solutions for J have demonstrated that an accurate estimate of limit 
load is sufficient to enable accurate estimates of crack driving force under biaxial loading for this 
geometry using the normalisations within the Failure Assessment Diagram for fracture 
assessment, although improved accuracy could be obtained by adding a weak effect of biaxiality. 
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